Definition of Subspace

Reminder: F denotes either R or C.

From now on, V denotes a vector space over F.

( Definition: subspace

A subset U of V is called a subspace of V if U is also a vector space
(using the same addition and scalar multiplication as on V).

Example: {(x1,x2,0) : x1,x, € F} is a subspace of F>.




Conditions for a Subspace

~\

(Conditions for a subspace

A subset U of V is a subspace of V if and only
if U satisfies the following three conditions:

additive identity e 0 U;
closed under addition e u,w < Uimpliesu+w € U,

closed under scalar multiplication e Ne Fandu € Uimplies \u € U.

\




Examples of Subspaces

Examples of subspaces:
@ If b € F, then
{(x1,x2,x3,x4) € F*:x3 = 5% + b}
is a subspace of F* if and only if b = 0.
@ The set of continuous real-valued functions on the interval [0, 1] is
a subspace of R,
@ The set of differentiable real-valued functions on R is a subspace
of RR,
@ The set of differentiable real-valued functions f on the interval
(0,3) such that f/(2) = b is a subspace of R(>) if and only if b = 0.
@ The set of all sequences of complex numbers with limit 0 is a
subspace of C*.
@ The subspaces of R? are precisely {0}, R?, and all lines in R?
through the origin.
@ The subspaces of R? are precisely {0}, R?, all lines in R? through
the origin, and all planes in R? through the origin.



Sums of Subspaces

N

(Definition: sum of subsets

Suppose Uy, ..., U, are subsets of V. The sum of Uy, ..., U,, de-
noted U, + - - - + U, is the set of all possible sums of elements of
Ui, ..., U,. More precisely,

k U +---+ U, :{ul—i—--'—}—um:ulEUl,...,umEUm}. J

( Sum of subspaces is the smallest containing subspace h

Suppose Uy, ..., U, are subspaces of V. Then U; + --- + U, is the
smallest subspace of V containing Uy, ..., U,. y

Analogy: sums of subspaces <— unions of subsets in set theory
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(Definition: direct sum

Suppose Uy, ..., U, are subspaces of V.

@ Thesum U, + --- + U, is called a direct sum if each element
of Uy + - - - + U,, can be written in only one way as a sum
ui + - -+ wuy,, Where each yu; is in U;.
e IfU +---+U,isadirect sum,then U; & --- & U,, denotes
Uy + - - + Uy, with the @ notation serving as an indication that
\ this is a direct sum. )

Example: Suppose
U={(xy,00cF :x,ycF} and W=1{(0,0,z) € F®:z€cF}.
ThenF =U g W.
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(Condition for a direct sum
., U, are subspaces of V. Then U; + --- + U, is a

Suppose Uy, ..

direct sum if and only if the only way to write 0 as a sum u; +- - - +uy,,

where each u; is in Uj, is by taking each u; equal to 0. )
~

(Direct sum of two subspaces

Suppose U and W are subspaces of V. Then U + W is a direct sum

ifand only if Un W = {0}.
| yi {0} y




