(Notation: R \
)

LR denotes the field of real numbers.

Some nonconstant polynomials with real coefficients have no real
zeros. Example: the equation

2+1=0
has no real solutions.

Thus we invent a solution, called i, with the property that i = —1.




Complex Numbers

( Definition: complex numbers

N

@ A complex number is an ordered pair (a,b), where a,b € R, but
we will write this as a + bi.

@ The set of all complex numbers is denoted by C:
C={a+bi:abecR}.
@ Addition and multiplication on C are defined by
(a+bi)+ (c+di) = (a+c)+ (b+d)i,

% (a+ bi)(c + di) = (ac — bd) + (ad + bc)i. y

If a € R, we identify a 4 0i with the real number a. Thus we think of R
as a subset of C. We also usually write 0+ bi as just bi, and we usually
write 0 + 1i as just i. The definition of multiplication shows that i = —1.




Properties of Complex Arithmetic

@ commutativity
a+p=pB+aand af = paforall a,s € C;
@ associativity
(a+B)+A=a+ (B+ ) and (af)\ = a(BA) forall o, 8, \ € C;
@ identities
A+0=Xand A\l = Xforall A € C;
@ additive inverse
for every a € C, there exists a unique € C such that o + 8 = 0;
@ multiplicative inverse
for every a € C with a # 0, there exists a unique 5 € C such that
af =1;
o distributive property
Ma+8)=da+ Agforall A\, «a, 5 € C.



(Notation: F \

LF denotes either R or C. )

Elements of F are sometimes called scalars, which is just a fancy word
for numbers.




N

(Definition: R? and R®

@ The set R?, which you can think of as a plane, is the set of all
ordered pairs of real numbers:

R?={(x,y) : x,y € R}.

@ The set R?, which you can think of as ordinary space, is the set
of all ordered triples of real numbers:

R’ ={(x,y,2) : x,y,z € R}.




Fix a positive integer n.

( Definition: list, length

A list of length n is an ordered collection of n numbers separated by
commas and surrounded by parentheses.

Example: (7,3) is a list of length 2. Thus (7,3) € R>.
Example: (5,9, —2) is a list of length 3. Thus (5,9, -2) € R>.

A list of length n looks like this:

(xla" : 7xn)'

Two lists are equal if and only if they have the same length and the
same elements in the same order.



Fl’l

( Definition: " h

F" is the set of all lists of length » of elements of F:

Fn:{(xlv-'-;xn)3Xj€Ff0rj:1,...,]’1}.

Example: R* is the set of all lists of four real numbers:
R4 = {(xayasz) X, V, L, W E R}

Example: C* is the set of all lists of four complex numbers:

C* = {(z1,22,23,24) : 21,22,23,24 € C}.

Elements of F” are often called points or vectors.



Addition and Scalar Multiplication

( Definition: addition in F" )
Addition in F" is defined by adding corresponding coordinates: J

(X150 %) + Ot dm) = (X0 + Y1500 X0+ ).

Example: (3,4,—1,-2) + (5,0,6,—7) = (8,4,5,-9)

( Definition: scalar multiplication in F"

|

The product of a number A € F and a vector in F” is computed by
multiplying each coordinate of the vector by A:

A1y ey xn) = (A, -y Axp).

Example: i(i,2,5 +i,—3i) = (—1,2i,—1 + 5, 3)
.



Single Letters Can Denote Elements of F”

Using a single letter to denote elements of F" is often efficient.

(Commutativity of addition in F" A

kIfx,y6F",thenx—i—y=y—i—x. P

(Definition: 0 R
Let 0 denote the list of length n whose coordinates are all 0:

L 0=(0,...,0). )

(Multiplication by 0 h
If x € F", then Ox = 0.

\_ J
The 0 above on the left is the number 0.

The 0 above on the riﬁht is the vector 0 in F".




Motivation for Vector Space Definition

Reminder: F denotes either R or C.

The motivation for the definition of a vector space comes from
properties of addition and scalar multiplication in F”:

@ Addition is commutative, associative, and has an identity.
@ Every element has an additive inverse.

@ Scalar multiplication is associative.

@ Scalar multiplication by 1 acts as expected.

@ Addition and scalar multiplication are connected by distributive
properties.




Addition and Scalar Multiplication

(Definition: addition, scalar multiplication

@ An addition on a set V is a function that assigns an
element u + w € V to each pair of elements u,w € V.

@ A scalar multiplication on a set V is a function that assigns an
element \u € Vto each A € F and each u € V. )

\

Example: Suppose V is the set of real-valued functions on the interval
[0,1]. Forf,g € Vand X € R, define f + g and \f by

(f+8)(x) =f(x) + g(x)

and

(M) (x) = A (x).
Thusf+geVand ) € V.



Definition of Vector Space

~

(Definition: vector space

A vector space is a set V along with an addition on V and a
scalar multiplication on V such that the following properties
hold:

commutativity e ut+w=w+uforallu,we V;

associativity e (u+v)+w=u+ (v+w)and (ab)u = a(bu) for all
u,v,we Vandalla,b€F;

additive identity e there exists 0 € Vsuchthatu +0=uforallu € V;

additive inverse o for every u € V, there exists w € V such that u + w = 0;
multiplicative identity e lu=uforallueV;
distributive properties e a(u+w)=au+awand (a+b)u=au+ buforalla,b €F
9 and all u,w € V. D




@ F" with the usual operations of addition and scalar multiplication is
a vector space.

@ F is defined to be the set of all sequences of elements of F:
F° ={(x1,x,...):x;€eFforj=1,2,... }.
Addition and scalar multiplication on F>° are defined as expected:

(x1,x2,...) + O1,y2, ... ) = (x1 +y1,02 +y2,...),
Alxr,x0,...) = (Axp, A, ..l ).

With these definitions, F>° becomes a vector space.




Another example

If S is a set, then FS denotes the set of functions from S to F.

For f,g € FS, the sumf + g € FS is the function defined by
(f +8)(x) =f(x) + 8(x)

forall x € S.

For A € F and f € FS, the product \f € FS is the function defined by
(M) (x) = M(x)

for all x € S.

With these definitions of addition and scalar multiplication, FS becomes
a vector space.



Our First Theorem

( The number 0 times a vector

uf V is a vector space, then Ou = 0 for every u € V. J

Proof For u € V, we have
Ou= (0+0)u
= Ou + Ou.

Adding the additive inverse of Ou, denoted —Ou, to both sides of the
equation above gives

Ou + (—Ou) = Ou + Ou + (—Ou),

which can be rewritten as
0 = Ou,

as desired. i



Why Abstraction?

Advantages of the abstract approach:
@ Can apply in multiple new situations.

@ Stripping away inessential properties
leads to greater understanding.

If V is a vector space, it would be
incorrect to prove that Ou =0 foru e vV
by writing: Let u = (x,...,x,), thus
Ou = (Oxy, ..., 0x,)
=(0,...,0)
=0.

An element of V is not necessarily of
the form (xi, ..

3 Xn)-




